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SINGULAR YAMABE AND OBATA PROBLEMS
A. ROD GOVER] & ANDREW WALDRON\
Abstract. A conformal geometry determines a distinguished, poten-
tially singular, variant of the usual Yamabe problem, where the confor-
mal factor can change sign. When a smooth solution does change sign,
its zero locus is a smoothly embedded separating hypersurface that,
in dimension three, is necessarily a Willmore energy minimiser or, in
higher dimensions, satisfies a conformally invariant analog of the Will-
more equation. In any case the zero locus is critical for a conformal
functional that generalises the total Q-curvature by including extrinsic
data. These observations lead to some interesting global problems that
include natural singular variants of a classical problem solved by Obata.
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2 Gover & Waldron
1. Introduction
On a closed Riemanian manifold (M, g¯) the Yamabe problem concerns
finding a conformally related metric g = e2ω, for some ω ∈ C∞(M), that
has constant scalar curvature. The statement and ultimate solution of this
problem by Yamabe, Trudinger, Aubin, and Schoen [36, 33, 2, 32] were mile-
stones in conformal geometry and geometric analysis. Another—apparently
unrelated—problem of great interest has been that of finding critical points
of the Willmore energy [34, 28]. The Willmore energy W for a closed sur-
face Σ in Euclidean 3-space is given by
W =
ˆ
Σ
(H2 −K) ,
where H is the surface mean curvature, and K its Gauss curvature. A key
property of this energy is that it is invariant under conformal transforma-
tions [35]. We shall call the Euler–Lagrange equation for this energy the
Willmore equation, this equation determines a conformally invariant quan-
tity termed the Willmore invariant.
Recently it has been observed that there is a rather interesting link be-
tween natural generalisations of these problems. For that one replaces the
usual Yamabe problem with a singular variant—namely on a Riemannian
manifold (M, g¯) of dimension d one seeks a smooth (here and throughout
smooth means C∞) function σ such that
(1.1) |dσ|2g¯ −
2σ
d
(
∆g¯σ +
σ
2(d− 1) Sc
g¯
)
= 1 .
This is the usual Yamabe-type equation requiring that the scalar curvature
satisfies Scg = −d(d−1), where g = σ−2g¯, except that we allow the possibil-
ity that σ changes sign. In the latter case the metric g is singular along the
zero locus Z(σ) of σ, and it is evident from the equation and setup here, that
this zero locus is an embedded hypersurface (i.e., codimension-1 submani-
fold) with an induced conformal structure. See Proposition 3.1 below for
more detail. More striking is that equation (1.1) puts an interesting restric-
tion on the conformal embedding of Z(σ); if d = 3 it is necessarily Willmore
(i.e., a Willmore energy minimiser) and in higher dimensions this condition
defines a conformally invariant generalisation of the Willmore equation; see
Theorem 2.4 which follows [1, 18, 19]. It turns out that this higher Will-
more equation is the Euler-Lagrange equation (with respect to variation of
embedding) of an action [22], which in fact can be expressed as an inte-
gral of a quantity that generalises, by the addition of extrinsic curvature
terms [17, 20, 14], the Branson Q-curvature of [5, 6] (see the review [8]).
The picture just described captures some of the important local aspects of
the link between (higher) Willmore minimisers and solutions to the singular
Yamabe equation (1.1). A key purpose of the current note is to point out
some very interesting features and questions linked to the global version of
this problem on closed manifolds. This culminates in the main questions
which we introduce in Section 4. In Section 2 we review briefly some of the
background and mention informally a singular variant of one of the Obata
problems. Section 3 describes some key tools from conformal tractor calculus
required to handle hypersurfaces embedded in conformal manifolds.
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2. Background and a singular Obata problem
Let (Md, c) be a closed, orientable, Riemannian signature, conformal man-
ifold where c 3 [g] = [Ω2g] denotes an equivalence class of smooth, confor-
mally related metrics with 0 < Ω ∈ C∞M , and d > 3. The trace-free
Schouten tensor of g ∈ c defined by
P˚ g =
1
d− 2
(
Ricg − 1
d
g Scg
)
,
obeys the conformal transformation law
P˚Ω
2g
ab = P˚
g
ab −∇g(aΥb)◦ + Υ(aΥb)◦ .
Here ∇ is the Levi-Civita connection, Υ := d log Ω, and we have employed
an abstract index notation to denote sections of tensor bundles over M as
well as the notation X(ab)◦ := Xab− 1d gab〈g,X〉g for projection to the trace-
free part of X ∈ Γ(2T ∗M); this projection is independent of the choice of
g ∈ c. Also note that 〈X,Y 〉g := gacgbdXabYcd and |X|2g := 〈X,X〉. Metrics
whose trace-free Schouten tensor vanishes are called Einstein.
Now, supposing that g has constant scalar curvature, the Bianchi identity
gives (suppressing the g dependence)
∇aP˚ab = 0 .
Thus, in that case it follows thatˆ
(M,g)
P˚ ab∇a∇bΩ−1 = 0⇒
ˆ
(M,g)
Ω−1P˚ ab
(∇aΥb −ΥaΥb) = 0 .
Calling Ω2g = g¯, we see that
´
(M,g) Ω
−1〈P˚ g, P˚ g¯〉 = ´(M,g) Ω−1 |P˚ g|2. The
Schwarz inequality then implies thatˆ
(M,g)
Ω−1|P˚ g|2g 6
ˆ
(M,g)
Ω−1|P˚ g¯|2g .
The above simple argument due to Schoen [31], implies that if two metrics
are conformally related and one is Einstein, while the other has constant
scalar curvature, then they must in fact both be Einstein. This proves the
following classical theorem due to Obata [30].
Theorem 2.1. Let (Sd, cround) be the sphere equipped with its standard,
conformally flat, class of metrics. Then if g ∈ cround has constant scalar
curvature, g must be Einstein.
It is easy to construct an example of this phenomenon.
Example 2.2. Let h : Sd → [−1, 1] be the height function on the standard
sphere in Rd+1,
Sd := {x2 + y2 + · · ·+ z2 = 1} ,
given by h(x, y, . . . , z) = z. Then if g¯ is the standard sphere metric, an
elementary computation shows that, where it is defined, the conformally
related metric
g =
g¯
(h− k)2 ,
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has constant scalar curvature
Scg = d(d− 1)(k2 − 1) .
We give a simple argument in Section 3.1 that, for k > 1, the metric g is
indeed Einstein and, since its Weyl tensor necessarily vanishes, isometric to
the standard sphere metric. ♣
An intriguing feature of this example is that when k = 1 the metric g
becomes singular at the north pole z = 1. However, in that case, the scalar
curvature vanishes and (Sd/{z = 1}, g) is isometric to Euclidean space. This
can be checked explicitly by writing g¯ = dθ2 + sin2 θ ds2
Sd−1 , where h = z =
cos θ, and then noting that the change of coordinates r = sin θ/(1 − cos θ)
gives the required isometry between g and the flat metric dr2 + r2ds2
Sd−1 .
Geometrically this is the stereographic projection of Sd to the hyperplane
z = 1.
When |k| < 1, g becomes singular along a hypersurface of height k. The
Riemannian manifold (S+, g+), given by the above data restricted to z > k,
is isometric to the Poincaré ball. The same applies to (S−, g−) with z < k.
Observe that the conformal rescaling function Ω = 1h−k is singular along the
hypersurface Σ = Sd−1 at z = k, and changes sign in S− because the function
h− k is a defining function for the hypersurface embedding Σ ↪→ Sd. These
facts are recovered in Section 3.1 from a different perspective that unifies the
three cases discussed above and provides information about the geometry of
the embedding Σ ↪→M .
Given a Riemannian manifold (Md, g¯) and a smooth function σ we define
(2.1) S(g¯, σ) := |dσ|2g¯ −
2σ
d
(
∆g¯σ +
σ
2(d− 1) Sc
g¯
)
,
which obeys
S(Ω2g¯,Ωσ) = S(g¯, σ) ,
for any 0 < Ω ∈ C∞M . When the part of the jet of σ given by (σ, dσ,−1d(∆g¯σ+
σ
2(d−1)Sc
g¯)
)
is nowhere vanishing, S(g¯, σ) has a natural interpretation as a
curvature that we term the S-curvature. Indeed, away from the zero locus
Σ of σ,
(2.2) S(g, 1) = − Sc
g
d(d− 1) where g = σ
−2g¯ ,
so the S-curvature smoothly extends the scalar curvature of the singular
metric g = σ−2g¯ to all of M .
Given its nature as a curvature that extends (and generalises) the scalar
curvature, it is interesting to consider the problem of finding functions σ
that yield S(g¯, σ) constant. If σ has fixed sign then this boils down to
the usual Yamabe problem on closed manifolds. However, in general other
solutions are possible and hence it is interesting to consider the case that
σ has a zero locus. Note that in view of (2.1), a non-trivial zero locus is
impossible if S(g¯, σ) is strictly negative. If S(g¯, σ) = 0 then only isolated
zeros are possible [13]. But observe that when S(g¯, σ) is strictly positive,
the zero locus of σ, if non-empty, is a hypersurface with defining function σ
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(see [13]). Here we shall be most interested in this last case, and if σ satisfies
(2.3) S(g¯, σ) = 1 ,
then the singular metric g = σ−2g has (by virtue of Equation (2.2)) constant
negative scalar curvature −d(d − 1) on M\Σ. Hence the above display is
called the singular Yamabe equation (see [29]). For Σ closed and orientable,
it is known that one-sided solutions for σ exist [27, 3, 29, 1].
This brings us to a distinct but closely related local problem. Namely
given an embedded hypersurface Σ, can we find a local defining function
for Σ that is distinguished in the sense that σ solves S(g¯, σ) = 1. It turns
out that for smooth solutions σ, this is obstructed by an interesting conformal
invariant of the extrinsic geometry. For example for surfaces Σ we have the
following result, which follows from the work of [1] and an observation made
in [18, 19].
Proposition 2.3. Let (M3, g¯) be a Riemannian three-manifold. Then a
surface Σ admits a defining function satisfying
S(g¯, σ) = 1 + σ4T ,
for some T ∈ C∞M , if and only if it is Willmore.
The above proposition is a special case of a rather uniform picture, from [1,
18, 19, 21]:
Theorem 2.4. Given a hypersurface Σ ↪→ (Md, g¯) embedded in a Rieman-
nian d-manifold, there exists a smooth defining function such that
S(g¯, σ) = 1 + σdB ,
where the obstruction BΣ = B|Σ is a hypersurface conformal invariant and
so, in particular, depends only on the conformal embedding Σ ↪→ (Md, [g¯]).
Conformal hypersurface invariants are defined in [19]. The quantity BΣ
obstructs smooth solutions σ to the equation S(g¯, σ) = 1 subject to the
boundary condition that Σ is the zero locus of σ. When d = 3, the obstruc-
tion BΣ is the functional gradient of the Willmore energy functional, and
thus defines the Willmore invariant discussed above. It has leading term
−13∆ΣH, where H is the hypersurface mean curvature. For hypersurfaces of
higher dimension the obstruction BΣ generalises this and, in particular, for
d even has leading term
∆
d−1
2
Σ H, up to a constant.
Thus we term BΣ a higher Willmore invariant.
It turns out that the invariants BΣ are variational: in d dimensions, gen-
eralized Willmore energy functionals exist with functional gradient B [22, 20]
(and thus their critical points are hypersurfaces that admit smooth defining
functions subject to S(g¯, σ) = 1 + σd+1T [18, 19, 21]).
With these preliminaries established we can now state a singular Obata
problem, which is an obvious singular analogue of the problem answered by
the Obata Theorem 2.1.
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Question 2.5. Let (Sd, g¯) be the standard round sphere. Does there exist
a smooth function σ ∈ C∞Sd such that
S(g¯, σ) = 1 ,
and such that g = σ−2g¯ is not Einstein? ♦
Recall that a hypersurface embedded in a conformal manifold (M, [g¯]) is
totally umbilic if the second fundamental form of g¯ is pure trace, and this
condition is independent of the choice of metric representative g¯. A necessary
condition for the singular metric g = σ−2g¯ to be Einstein with negative scalar
curvature, away from the hypersurface Σ defined by σ, is that Σ is totally
umbilic [13, 26]. Thus if we fix the hypersurface Σ, the trace-free second
fundamental form obstructs the existence of Einstein solutions to (1.1) with
Z(σ) = Σ. The Clifford torus of the next example gives an interesting
instance of a Willmore surface embedded in S3 that is not umbilic.
Example 2.6. To construct the Clifford torus, first note that S3 equi-
pped with its standard conformally flat class of metrics may be realized
as the space of lightlike lines N+ in R5 3 (x, y,X, Y, ý) (or alternatively, the
ray projectivization of the future null cone) defined by
x2 + y2 +X2 + Y 2 = ý2 .
The pullback of the Minkowski metric
g˜ = dx2 + dy2 + dX2 + dY 2 − dý2
to the ý = 1 section of N+ is the standard round sphere metric g¯ on S3, while
conformally related metrics are obtained by changing this choice of section.
Calling
r2 = x2 + y2 and R2 = X2 + Y 2 ,
the surface Σ = {r = 1√
2
= R, ý = 1} ↪→ S3 is Willmore; indeed Σ is the
Clifford torus. That Σ is Willmore may be easily verified using Theorem 3.4.
For that, note that the defining function
(2.4) σ =
[r −R√
2
(
1− 2
3
(r −R√
2z
)2 )]? ∈ C∞S3
obeys S(g¯, σ) = 1+σ4T with T smooth; in the above ? denotes the pullback
from C∞R5 → C∞S3. To check this computation, note that if σ = σ˜? for
some σ˜ ∈ C∞R5 of homogeneity one, then using the ambient formula for the
Thomas D-operator, the S-curvature enjoys an ambient formula
S(g¯, σ) =
[∣∣dσ˜∣∣2
g˜
− 23 σ˜∆g˜σ˜
]?
;
see for example [7]. A cartoon depiction of this model for the Clifford torus
is drawn below.
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The angle coordinates are suppressed in this picture, so each point (save for
when a radius r or R vanishes) represents a torus T 2.
By using polar coordinates (r, θ) and (R,Θ) for the xy and XY -planes of
the ý = 1 hyperplane, calling
tan τ =
[
r −R
r +R
]?
∈ [−1, 1] where − pi/4 6 τ 6 pi/4 ,
the round S3 metric in coordinates (τ, θ,Θ) becomes
ds2 = dτ2 +
1
2
(dθ2 + dΘ2) +
1
2
sin 2τ (dθ2 − dΘ2) .
Thus, away from circles at τ = ±pi/4 (so r? = 0 or R? = 0), the sphere S3 is
foliated by constant τ , torii. The two circles correspond to a radius of a torus
cycle degenerating to zero. The Clifford torus is the zero mean curvature
torus at τ = 0 and has flat torus metric
ds2Σ =
1
2
(dθ2 + dΘ2) .
The second fundamental form for the embedding Σ ↪→ S3 in these coordi-
nates is
II =
1
2
(dθ2 − dΘ2) .
This is trace-free, i.e. II = I˚I , so Σ is a minimal surface, but the embedding
Σ ↪→ (S3, [g¯]) is not umbilic. ♣
Question 2.5 leads to other natural questions, all of which have natural
extensions to generally curved manifolds. To develop these, we first present
key elements of the theory of conformal hypersurface embeddings.
3. Tractor calculus for hypersurface embeddings
We say that a conformal manifold (M, c), is almost Einstein (AE) if there
exists a metric g¯ ∈ c and smooth function σ such that, away from the zero
locus Z(σ), the metric
(3.1) g =
g¯
σ2
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has vanishing trace-free Schouten tensor
(3.2) P˚ g = 0 .
Note that in the special case when M is a d-manifold with dimension (d−1)
boundary given by Z(σ) = ∂M , and in addition σ is a defining function
for ∂M (so dσ 6= 0 at all points of ∂M) then metrics g obeying (3.1) are
said to be conformally compact. When the Einstein condition (3.2) also
holds, then such metrics g are called Poincaré–Einstein, or asympotically
Poincaré–Einstein when g solves (3.2) asymptotically to the highest order
uniquely determined by the conformal class of metrics on ∂M determined
by g¯, see [11] for details.
Returning to the more general AE setting, notice that because g only
depends on the ratio g¯/σ2, and thus equivalently only on equivalence classes
of metric function pairs [g¯, σ] = [Ω2g,Ωσ] with 0 < Ω ∈ C∞M , the AE
condition is better stated in terms of conformal densities defined as follows:
A weight w ∈ C conformal density is a section of the line bundle
EM [w] := ((∧dM)2) w2d .
The function σ defines a section σ of EM [1] and the volume form ωg¯ one
of EM [d]. These are related by σ = σ (ωg¯) 1d , which we may also denote by
the pair [g¯, σ]. Moreover, tautologically, g¯ defines a section g ∈ Γ(2T ∗M ⊗
EM [2]) by g := g¯ (ωg¯) 2d ; we call g the conformal metric. In addition, where
this is defined, g = σ−2g. In general, a true scale 0 < τ ∈ Γ(EM [1])
canonically defines a metric gτ := τ−2g.
The AE Equation (3.2) is overdetermined, so it is propitious to study its
prolongation to a triple of sections
(σ,n,ρ) ∈ Γ(EM [1]⊕ T ∗M [1]⊕ EM [−1]) ,
where for any vector bundle B overM , we define B[w] := B⊗EM [w]. Then,
given any true scale τ , the conformal manifold (M, c) is AE iff [4, 13]
∇τσ − n = 0 ,
∇τn+ σP gτ + ρg = 0 ,
∇τρ− P gτ (n, ·) = 0 .
In the above, for example, ∇τσ = [gτ ,∇gτστ ] ∈ Γ(T ∗M [1]) and the inverse
of the conformal metric g is used to contract n with the Schouten tensor;
the remaining new notations should then be self explanatory. The choice
of τ in the above condition is irrelevant, since a different choice gives an
independent linear combination of the three stated equations. In particular,
away from Z(σ), the choice τ = σ gives that P g is proportional to the
metric and hence that the trace-free Schouten tensor P˚ g = 0.
In fact, the above system can be re-expressed as a linear connection acting
on a section of a suitable, conformally invariant bundle. This bundle is the
tractor bundle
TM = EM [1] + T ∗M [1] + EM [−1] ,
and its sections are called (standard) tractors. The semi-direct sum nota-
tion +
 indicates that the tractor bundle is a disjoint union of Whitney sum
vector bundles EM [1]⊕T ∗M [1]⊕EM [−1] indexed by g¯ ∈ c (so equivalently
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true scales), quotiented by the equivalence on sections with indices labeled
by true scales τ and τ ′, given by
(3.3) (v+,v,v−)τ ∼
(
v+,v + Υv+,v− − g−1(Υ,v + 12τ 2Υv−))τ ′ ,
where Υ := d log(τ ′/τ ). Observe that the above formula implies that the
first non-zero entry of a tractor is conformally invariant, this is called the
projecting part. The appropriate linear connection is the tractor connection
∇T : Γ(TM) → Γ(TM ⊗ T ∗M), defined for a metric labeled by the true
scale τ , according to
(3.4)
∇T (v+,v,v−)τ :=
(∇τv+−v,∇τv + v+P gτ + v− g,∇τv−−P gτ (v, ·))
τ
.
The tractor bundle TM [1] enjoys a distinguished section X termed the
canonical tractor, defined in any choice of scale τ by
Xτ := (0, 0, 1) .
Note that τ−1X is a standard tractor and, from Equation (3.4), we see that
the tractor connection obeys a non-degeneracy condition
τ∇T (τ−1X)τ = (0, g, 0) .
In the above terms, the AE condition (3.2) becomes the parallel condition
on sections I ∈ Γ(TM) [4]
∇T I = 0 .
A necessary condition for I to be parallel is that, for any choice of true
scale τ , this tractor is determined in terms of σ according to
(3.5) I =
(
σ,∇τσ,−1d τ−2 (∆gτ + Jgτ )σ
)
τ
.
Tractors determined in terms of a section σ ∈ Γ(EM [1]) this way are termed
scale tractors (the notation Iσ will sometimes be employed to make the
dependence on σ clear).
The tractor bundle enjoys a conformally invariant tractor metric h ∈
Γ(2TM) that is preserved by the tractor connection ∇T and given by
(suppressing the choice of τ and recycling the notations for sections U, V
of TM used above)
h(U, V ) = u+v− + u−v+ + g−1(u,v) ∈ C∞M .
Observe that given a scale tractor I, the corresponding scale σ is given in
terms of the tractor metric and canonical tractor by
σ = h(I,X) .
Now, if I is the scale tractor determined by σ ∈ Γ(EM [1]), then the
function
S(σ) = h(I, I) =: I2
equals the S-curvature defined in Equation (2.1) upon identifying σ with
the metric-function pair (g¯, σ). Thus the singular Yamabe Equation (2.3)
becomes
I2 = 1 .
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Writing this condition out using Equation (3.5) with σ = [g¯, σ] gives
I2 = |dσ|2g¯ −
2σ
d
(∆g¯σ + J g¯σ) = 1 .
Hence, along Z(σ), it follows that dσ 6= 0, so by the implicit function theorem
Σ = Z(σ) is a smoothly embedded hypersurface. The same applies when
I2 > 0. Thus we have
Proposition 3.1 (Gover [13]). Let (M, c) be a conformal manifold and I
the scale tractor of σ ∈ Γ(EM [1]) such that
I2 > 0 .
Then, if Σ 6= ∅,
M = M− unionsq Σ unionsqM+ ,
where Σ is a smoothly embedded separating hypersurface. Moreover the com-
plements M\M∓ are conformal compactifications of
M± = {P ∈M |± σ(P ) > 0} .
This situation is depicted below.
Scanned with CamScanner
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The above geometric setup is ideally suited to the study of conformal
hypersurface embeddings Σ ↪→ (M, c). When considering Riemannian hy-
persurface embeddings Σ ↪→ (M, g¯), a key ingredient is the unit conormal nˆ
to Σ which may be computed from any defining function σ by the formula
nˆ = dσ′
∣∣
Σ
, where the defining function σ′ := σ/|σ|g¯ is a normalized improve-
ment of σ. For conformal embeddings, an analogous, conformally invariant
tractor object is the normal tractor N ∈ Γ(TM |Σ), which for a choice of
metric gτ ∈ c, is given by
N = (0, nˆ,−Hgτ )τ .
Here we have used that the unit conormal rescales as a weight one-density
under conformal changes of metric and thus defines nˆ ∈ Γ(TM |Σ). AlsoHgτ
is the mean curvature of Σ computed in the gτ metric. It is not difficult to
check that upon replacing the true scale τ with a new true scale τ ′, this
changes in concordance with Equation (3.3). Next we define the conformal
analog of a defining function.
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Definition 3.2. A density σ ∈ Γ(EM [1]) satisfying
I2
∣∣
Σ
6= 0 , where Σ is the zero locus of σ,
is called a defining density. 
Note that the zero locus of a defining density subject to I2
∣∣
Σ
> 0 is a
hypersurface.
The next result relates the normal tractor to a defining density for Σ.
Proposition 3.3 (Gover [13, 21]). Let σ be a defining density for Σ and
σ′ := σˆ
(
1− d4(d−1)
(
I2σˆ − 1
))
,
with σˆ := σ/
√
I2σ. Then
I2σ′ = 1 + σ
2b ,
for some b ∈ Γ(EM [−2]), and
Iσ′
∣∣
Σ
= N .
Observe, that not only does the above proposition give a formula for the
normal tractor, it is also the first step in constructing an asymptotic solution
to the singular Yamabe problem for Σ. As we discussed earlier, an important
result of Anderson, Chrusćiel and Friedrich is that this can be solved to order
d in σ [1]. In the language of densities, Theorem 2.4 is stated as follows.
Theorem 3.4. For any conformally embedded hypersurface Σ ↪→ (Md, c),
there exists a defining density σ, unique up to the addition of smooth terms
proportional to σd, such that its scale tractor obeys
(3.6) I2 = 1 + σdB
for some B ∈ Γ(EM [−d]). Moreover
BΣ = B|Σ
is an invariant of the conformal embedding.
The density BΣ is called the obstruction density because it obstructs
smooth solutions to the singular Yamabe problem, where here we mean that
the defining density is smooth across Σ (when the obstruction density is non-
vanishing, one-sided smooth solutions are known to still be possible, but with
logarithmic behavior around Σ [27, 3, 29, 1]). For conformally embedded sur-
faces, the obstruction density may be obtained as the functional gradient of
the Willmore energy functional. Of course, BΣ is the density-valued analog
of the higher Willmore invariant introduced earlier.
Another important invariant of conformal hypersurface embeddings is the
trace-free part of the second fundamental form I˚I ∈ Γ(2T ∗M ⊗ EM [1]∣∣
Σ
).
Let us call defining densities that obey Equation (3.6) unit. Then from
Proposition 3.3 and reference [4] (see also [25, 10]) we have the following
result.
Proposition 3.5. Let σ be a unit defining density for Σ ↪→ (M, c). Then,
the projecting part of the restriction of ∇T Iσ to Σ equals the trace-free second
fundamental form I˚I .
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Note that total umbilicity of the boundary of a Poincaré–Einstein manifold
is a direct corollary of the above proposition.
Just as the Gauss formula relates the projection of the ambient Levi-Civita
connection to its counterpart intrinsic to the hypersurface Σ through the
second fundamental form, a similar result holds for the tractor connection.
For that, along Σ the normal tractor N and tractor metric h give a canonical
Whitney direct sum bundle decomposition
TM |Σ = TM⊥ ⊕ TM‖ .
Moreover the rank d + 1 bundle TM⊥ (whose sections V obey h(V,N) =
0) is isomorphic to the tractor bundle intrinsic to (Σ, cΣ) where cΣ is the
conformal class of metrics on Σ induced from c on M . From Equation (3.4),
we see that the difference between the projection of the ambient tractor
connection to TM⊥ and the tractor connection depends on the difference
between their respective Schouten tensors, this is measured by the Fialkow
tensor
F
τ
= (P gτ )> − P gΣτ +Hgτ I˚I + 1
2
(Hgτ )2gΣτ ,
(an equals sign adorned by τ is used to indicate a formula computed in a
choice of scale τ ) where the ambient dimension d > 4. Also, in the above
formula, gΣτ denotes the metric induced by gτ along Σ, the subscript >
projects the tangent bundle of M along Σ to directions orthogonal to the
unit conormal, and we have used that this bundle projection gives a rank
(d− 1) bundle isomorphic to TΣ.
The conformally invariant, extrinsically coupled tensors nˆ, I˚I , F and BΣ,
are key ingredients of a conformal tensor calculus of Σ ↪→ (M, c). The
computation of more interesting quantities such as higher Willmore energies
require the introduction of a pair of new tractor operators. Firstly, the
Thomas D-operator gives a mapping
Γ(T ΦM [w])→ Γ(T ΦM [w − 1]⊗ TM) ,
where Φ indicates any tensor product of tractor and conformal density bun-
dles. In a self-explanatory matrix notation (see [10])
D
τ
=
 w(d+ 2w − 2)(d+ 2w − 2)∇T
−τ−2(∆T + wJgτ )
 ,
where ∆T is the rough Laplace-type operator built in the standard way from
the metric gτ and the tractor connection ∇T . Note that the scale tractor I
of σ ∈ Γ(EM [1]) is given by I = 1dDσ. Contracting the Thomas D-operator
with the scale tractor I using the tractor metric, gives its Laplace–Robin
operator denoted I·D. Upon restriction to the hypersurface zero locus Σ
of σ, this gives a conformally invariant Robin-type combination of normal
and Dirichlet operators due to Cherrier [9]. Away from Σ, computed in
the metric gσ, the Laplace–Robin operator gives the Laplacian modified by
scalar curvature which, when acting on conformal densities at the critical
weight w = 1− d2 , recovers the Yamabe operator −∆gσ − (1− d2)Jgσ .
Suitable critical powers of the Laplace–Robin operator, upon restriction
to Σ, give extrinsically coupled Laplacian powers [17, 21]. These may be
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viewed as extrinsic generalizations of the conformal Laplacian powers of Gra-
ham, Jennes, Mason and Sparling [23].
A log-density is a section of an associated bundle induced by the additive
representation y 7→ y − log t of R+ 3 t to the bundle of metrics c over M ,
which itself is an R+ principal bundle. Given a true scale τ = [g, τ ], the
pair (g, log τ) determine a log density that we call log τ . The Laplace–Robin
operator can be extended to act on log densities and maps these to standard
weight w = −1 conformal densities. Log densities are essential for writing
compact formulæ for generalized Willmore energies:
Theorem 3.6. Let Σ ↪→ (M, c) be a conformally embedded hypersurface and
g¯ = g/τ 2 be a metric determined by a true scale τ . Then
Qτ := (I·D)d−1 log τ ∣∣
Σ
∈ Γ(EΣ[1− d]) ,
where I is the scale tractor of a unit defining density σ for Σ. Moreover,
if the singular metric g = g/σ2 is asymptotically Poincaré–Einstein and d
is odd, then (−1)d−1((d− 2)!!)−2Qτ is the Branson Q-curvature of (Σ, cΣ).
Moreover, the integral
A =
ˆ
Σ
Qτ
is independent of the choice of g¯ ∈ c.
In the above we have used that the bundles EM [w]|Σ and EΣ[w] are iso-
morphic. Results of the above type, where a complicated-to-compute object
along a hypersurface is the restriction of a simple bulk quantity, are called
holographic formulæ. The conformal density Qτ gives an extrinsic analog of
the Branson Q-curvature while its conformally invariant integral A is a gen-
eralized Willmore energy. In fact, the functional (−1)
d−1
(d−1)! (d−2)! A is the anomaly
coefficient of the log divergence of the renormalized volume expansion for the
singular metric g [20]. Moreover, the failure of the extrinsic Q-curvature Qτ
to be conformally invariant is controlled by the extrinsic conformal Laplacian
powers described above. Explicit low dimensional formulæ for the extrinsic
Q-curvature are given in the following example.
Example 3.7. When Σ ↪→ (M3, c) is a conformally embedded surface,ˆ
Σ
Qτ = piχΣ − 1
4
ˆ
Σ
trgΣ I˚I
2 .
Here χ denotes the Euler characteristic while the second term is a manifestly
conformally invariant bending energy. For Σ ↪→ (M4, c) a closed hypersur-
face embedded in a conformal four-manifold [21, 12],ˆ
Σ
Qτ =
2
3
ˆ
Σ
trgΣ( I˚I ◦ F ) .
In the above examples, we have used the conformal metric along Σ to con-
struct an endomorphism of TΣ from the trace-free second fundamental form
and Fialkow tensor; this is the meaning of the symbol trgΣ . The extrinsic
Q-curvature for four manifold embeddings has been computed in [24]. ♣
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3.1. The sphere. Much of the above is nicely illustrated on the sphere
equipped with its standard round conformal structure. In this case the con-
formal structure is conformally flat and the tractor connection ∇T has trivial
holonomy. Thus any standard tractor at a point can be extended to a parallel
tractor I on the sphere.
In fact this is easily established explicitly, as the conformal d-sphere arises
as the ray projectivisation P+ of the future null cone N+ of the (Lorentzian
signature) Minkowski metric g˜ := diagonal(−1, 1, · · · , 1) on Rd+2 (see Ex-
ample 2.6 above). Then the tractor connection arises from parallel transport
in Rd+2 viewed as an affine space (see [7, 10] for more detail). It follows
that each (constant) vector I˜ in Rd+2 determines a corresponding paral-
lel tractor I on the sphere and vice versa. In this picture the canonical
tractor X corresponds to the restriction to N+ of the Euler vector field X˜
of Rd+2. Thus if a parallel tractor I is timelike, and normalised to satisfy
I2 = h(I, I) = −1 say, then σ := h(I,X) has no zero locus, and the corre-
sponding Einstein metric g = σ−2g has scalar curvature d(d − 1). Thus it
is the usual round sphere metric. If on the other hand I is a null parallel
tractor then σ := h(I,X) has an isolated zero corresponding to where X˜ is
parallel to I˜. Since I2 = 0 the scalar curvature vanishes and the Einstein
metric g = σ−2g on the complement is thus Ricci flat. Hence it is isometric
to Euclidean space. Similarly if a parallel tractor I is spacelike, satisfying
I2 = 1 then the zero locus Σ of σ := h(I,X) is a hypersurface corresponding
to the intersection of the hyperplane h˜(I˜ , X˜) = 0 with N+, and the corre-
sponding Einstein metric g = σ−2g on Sd \Σ has scalar curvature −d(d−1).
As it is a conformally flat Einstein metric it is isometric to the hyperbolic
metric. Moreover, since I is in particular parallel along Σ, it follows from
Proposition 3.5 above that Σ is totally umbilic. This, with each of the con-
nected parts of Sd \ Σ, provides a conformal compactification of hyperbolic
space which (by stereographic projection) is conformally equivalent to the
usual Poincaré-ball.
N+
Rd+1,1
I˜
σ˜=0 σ˜=1
σ˜ = I˜AX˜
A
P+
Hd
Sd−1 = ∂Hd
4. Singular Yamabe and Obata Problems
Let (M, c) be a conformal manifold equipped with a smooth and sign
changing solution σ of the singular Yamabe problem S(c,σ) = 1. It follows
that Σ = Z(σ) 6= ∅, and then from Proposition 3.1 and Theorem 3.4 that Σ
is a smoothly embedded separating hypersurface that satisfies the higher
Willmore equation BΣ = 0. Thus locally, such solutions potentially provide
an interesting route to accessing and studying higher Willmore hypersurfaces
[18, 19, 21].
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The global problem is potentially even more intriguing. The existence of
sign changing solutions σ to the singular Yamabe problem is itself interesting,
and then when such exist, the zero locus Σ is a closed embedded higher-
Willmore hypersurface. There are examples with Σ totally umbilic and the
metric g = σ−2g Einstein on the complement of Σ. We have seen this above
on the sphere in Section 3.1 (following [13]), and there are also examples on
suitable products of the sphere with Einstein manifolds [15, 16]. This leads
to our main questions.
Question 4.1. Do there exist closed conformal manifolds (M, c) that admit
a smooth, sign changing singular Yamabe scale σ ∈ Γ(E [1]) such the S-
curvature S = I2 obeys S = 1 but with g = σ−2g not Einstein onM \Z(σ)?
♦
In fact the situation would be most interesting if the zero locus is not
totally umbilic. Thus the following is an interesting problem.
Question 4.2. Do there exist closed conformal manifolds (M, c) that admit
a sign changing singular Yamabe scale σ ∈ Γ(E [1]) such the S-curvature
S = I2 obeys S = 1 and such that Σ = Z(σ) is not totally umbilic? ♦
Note that a positive answer to this implies a positive answer to Question 4.1,
because if g = σ−2g is Einstein then the scale tractor I is parallel everywhere,
but along Σ agrees with the normal tractor which is thus parallel and so, as
discussed earlier, Σ = Z(σ) is totally umbilic.
There are refinements of these questions where we assume the initial con-
formal manifold includes an Einstein metric. The first here is a variant of
what we called earlier, the singular Obata problem.
Question 4.3. Do there exist closed Einstein manifolds (M, g¯) that admit
a sign changing singular Yamabe scale σ ∈ Γ(E [1]) such the S-curvature
S = I2 obeys S = 1 but with g = σ−2g not Einstein on M \ Z(σ)? ♦
Once again one can ask for a stronger result, as follows.
Question 4.4. Do there exist closed Einstein manifolds (M, g¯) that admit a
sign changing singular Yamabe scale σ ∈ Γ(E [1]) such that the S-curvature
S = I2 obeys S = 1 and such that Σ = Z(σ) is not totally umbilic? ♦
The former of course generalises the Question 2.5 for the sphere. Questions
4.2 and 4.4 are particularly interesting because the obstruction density BΣ
is a higher Willmore invariant [18, 19, 21].
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